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Introduction to Fuzzy Sets (1)
• Crisp Sets: The conventional set

For extending crisp sets to Fuzzy Sets,
• Characteristic Function
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Introduction to Fuzzy Sets (2)
• Fuzzy Sets: Proposed by Lotfi A. Zadeh in 1965
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Professor Lotfi Aliasker Zadeh (1921—2017)
• Born on February 4th in 1921, in Baku, Republic of Azerbaijan.
• Move to Tehran, Iran in 1931
• Bachelor in Electric Engineering from Teheran Univ. in 1946
• Master in Electric Engineering  from MIT in 1946
• PhD in Electric Engineering from  Columbia Univ. in 1950
• Associate Professor, Columbia Univ. in 1950 and then Professor 

in 1959
• Professor, UCB in 1963
• “Linear System Theory: The State Space Approach” with Prof. 

Desoer
• “Fuzzy Sets” in Information and Control in 1965
• Honda Prize, IEEE Richard W. Hamming Medal, IEEE Medal of 

Honor, The Golden Goose Award
• Passed away on September 6, 2017 in Berkley, CA, USA 

Photograph from RSCTC 2006 in Kobe
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Introduction to Fuzzy Sets (2)
• Fuzzy Sets: Proposed by Lotfi A. Zadeh in 1965
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Set Operations of Fuzzy Sets (1)
• To make fuzzy sets useful in applications, we need to define 

calculations of fuzzy sets.

Inclusion relation

2023/10/31 BFTA 2023 7



Set Operations (2)
Inclusion relation

Intersection

Union

Complement

Intersection

Union
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Properties (1)
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Possibility Theory: Possibility and Necessity

n Basic Treatment: by Possibility and Necessity
(Common in Non-probabilistic Uncertainty Theories)

Crisp (Non-fuzzy) Case:

A : possible
realizations

B : objects
satisfying
certain 
properties

B

A

Possibility
B is possible ßà B Ç A = Æ

ßà $z: zÎA Ù zÎB

Necessity (Certainty)
B is certain ßà B Ê A
ßà "z: zÎA ® zÎB

A: possible region,  B: event



n Basic Treatment: by Possibility and Necessity
(Common in Non-probabilistic Uncertainty Theories)

Crisp (Non-fuzzy) Case:

A : possible
realizations

B : objects
satisfying
certain 
properties

B

A

Possibility Necessity (Certainty)

A: possible region,  B: event

Possibility Measure:
1, if BÇA=Æ

PA(B)=
0, othewise

Necessity Measure:
1, if B Ê A

NA(B)=
0, othewise

Robustness

B is possible ßà B Ç A ¹ Æ
ßà $z: zÎA Ù zÎB

B is certain ßà B Ê A
ßà "z: zÎA ® zÎB

Possibility Theory: Possibility and Necessity



• Possibility and Necessity Measures under Crisp Sets

Extend these measures to Fuzzy Sets 
è Express P!(𝐵) and 𝑁! 𝐵 by the characteristic functions

Possibility Theory A B

A B

min(𝜒! 𝑥 , 𝜒" 𝑥 )

min(𝜒! 𝑥 , 𝜒" 𝑥 )
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• Possibility and Necessity Measures under Crisp Sets

Extend these measures to Fuzzy Sets 
è Express P!(𝐵) and 𝑁! 𝐵 by the characteristic functions

Possibility Theory
𝐴

𝐵

𝐴
𝐵

1 − 𝜒!(𝑥)

max(1 − 𝜒! 𝑥 , 𝜒" 𝑥 )

1 − 𝜒!(𝑥)

max(1 − 𝜒! 𝑥 , 𝜒" 𝑥 )
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• Possibility and Necessity Measures
• Crisp Case:

• Fuzzy Case:

Possibility Theory
#𝐴 $𝐵

Π !"( $𝐵)

#𝐴 $𝐵

𝑁 !"( $𝐵)

1 − 𝜇 !"

Possibility Measure

Necessity Measure

∃𝑥 ∈ Ω, 𝜇 "! 𝑥 = 1 (the normality of -𝐴) is assumed.
(Zadeh, 1978)

(Dubois & Prade, 1980)
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Possibility Theory
• Properties of possibility and necessity measures

maxivity minivity
Special kinds of Fuzzy Measures

2023/10/31 BFTA 2023 19



Possibility Theory
• Properties of possibility and necessity measures
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-𝐴 # = 𝑥 ∈ Ω ∶ 𝜇 "! 𝑥 ≥ ℎ
-𝐴 # = {𝑥 ∈ Ω ∶ 𝜇 "! 𝑥 > ℎ}

where



Relations to Belief Function
• When 𝐵 is a crisp set and .𝐴 is a fuzzy set having discrete 

membership grades, possibility and necessity measures equal 
to plausibility and belief functions of a consonant basic 
probability assignment.

0
𝜇!
𝜇"

𝜇#

𝜇$ = 1

Fuzzy Set &𝐴 Basic probability assignment 𝑚%

𝐹! = {𝑥 ∈ Ω ∶ 𝜇 "# 𝑥 ≥ 𝜇!}

𝐹$ = {𝑥 ∈ Ω ∶ 𝜇 "# 𝑥 ≥ 𝜇$}

𝐹% = {𝑥 ∈ Ω ∶ 𝜇 "# 𝑥 ≥ 𝜇%}

𝐹& = {𝑥 ∈ Ω ∶ 𝜇 "# 𝑥 ≥ 𝜇&}
𝑚# 𝐹& = 𝜇& − 𝜇%
𝑚# 𝐹% = 𝜇% − 𝜇$
𝑚# 𝐹$ = 𝜇$ − 𝜇!
𝑚# 𝐹! = 𝜇!

𝜇 )!

𝑟! 𝑟$ 𝑟% 𝑟& 𝑟' 𝑟( 𝑟) 𝑟* 𝑟! 𝑟$ 𝑟% 𝑟& 𝑟' 𝑟( 𝑟) 𝑟*

𝐹$ ⊆ 𝐹# ⊆ 𝐹" ⊆ 𝐹! : focal elements are nested.
Consonant Belief Function𝜇 &% 𝑥 = 𝑝𝑙(𝑥)
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Relations to Belief Function
• When 𝐵 is a crisp set and .𝐴 is a fuzzy set having discrete 

membership grades, possibility and necessity measures equal 
to plausibility and belief functions of a consonant basic 
probability assignment.

0
𝜇!
𝜇"

𝜇#

𝜇$ = 1

Fuzzy Set &𝐴 Basic probability assignment 𝑚%

𝐹! = {𝑥 ∈ Ω ∶ 𝜇 "# 𝑥 ≥ 𝜇!}

𝐹$ = {𝑥 ∈ Ω ∶ 𝜇 "# 𝑥 ≥ 𝜇$}

𝐹% = {𝑥 ∈ Ω ∶ 𝜇 "# 𝑥 ≥ 𝜇%}

𝐹& = {𝑥 ∈ Ω ∶ 𝜇 "# 𝑥 ≥ 𝜇&}
𝑚# 𝐹& = 𝜇& − 𝜇%
𝑚# 𝐹% = 𝜇% − 𝜇$
𝑚# 𝐹$ = 𝜇$ − 𝜇!
𝑚# 𝐹! = 𝜇!

𝜇 )!

𝑟! 𝑟$ 𝑟% 𝑟& 𝑟' 𝑟( 𝑟) 𝑟* 𝑟! 𝑟$ 𝑟% 𝑟& 𝑟' 𝑟( 𝑟) 𝑟*

𝐹$ ⊆ 𝐹# ⊆ 𝐹" ⊆ 𝐹! : focal elements are nested.
Consonant Belief Function

For crisp set 𝐵, we obtain

Π "! 𝐵 = sup
1
min 𝜇 "! 𝑥 , 𝜒2 𝑥 = sup

1∈2
𝜇 "! 𝑥 = =

3!:3!∩26∅

𝑚!(𝐹8) = 𝑝𝑙(𝐵)

𝑁 "! 𝐵 = inf
1
max 1 − 𝜇 "! 𝑥 , 𝜒2(𝑥) = inf

1∈2
1 − 𝜇 "! 𝑥 = =

3!:3!⊆2

𝑚! 𝐹8 = 𝑏𝑒𝑙(𝐵)
/

𝝌𝑩

𝚷+𝑨 𝑩 = 𝝁𝟑

𝝌𝑩

𝒑𝒍 𝑩
= 𝒎𝑨 𝑭𝟏
+𝒎𝑨 𝑭𝟐
+𝒎𝑨(𝑭𝟑)

= 𝝁𝟑
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Relations to Belief Function
• When 𝐵 is a crisp set and .𝐴 is a fuzzy set having discrete 

membership grades, possibility and necessity measures equal 
to plausibility and belief functions of a consonant basic 
probability assignment.

0
𝜇!
𝜇"

𝜇#

𝜇$ = 1

Fuzzy Set &𝐴 Basic probability assignment 𝑚%

𝐹! = {𝑥 ∈ Ω ∶ 𝜇 "# 𝑥 ≥ 𝜇!}

𝐹$ = {𝑥 ∈ Ω ∶ 𝜇 "# 𝑥 ≥ 𝜇$}

𝐹% = {𝑥 ∈ Ω ∶ 𝜇 "# 𝑥 ≥ 𝜇%}

𝐹& = {𝑥 ∈ Ω ∶ 𝜇 "# 𝑥 ≥ 𝜇&}
𝑚# 𝐹& = 𝜇& − 𝜇%
𝑚# 𝐹% = 𝜇% − 𝜇$
𝑚# 𝐹$ = 𝜇$ − 𝜇!
𝑚# 𝐹! = 𝜇!

𝜇 )!

𝑟! 𝑟$ 𝑟% 𝑟& 𝑟' 𝑟( 𝑟) 𝑟* 𝑟! 𝑟$ 𝑟% 𝑟& 𝑟' 𝑟( 𝑟) 𝑟*

𝐹$ ⊆ 𝐹# ⊆ 𝐹" ⊆ 𝐹! : focal elements are nested.
Consonant Belief Function

For crisp set 𝐵, we obtain

Π "! 𝐵 = sup
1
min 𝜇 "! 𝑥 , 𝜒2 𝑥 = sup

1∈2
𝜇 "! 𝑥 = =

3!:3!∩26∅

𝑚!(𝐹8) = 𝑝𝑙(𝐵)

𝑁 "! 𝐵 = inf
1
max 1 − 𝜇 "! 𝑥 , 𝜒2(𝑥) = inf

1∈2
1 − 𝜇 "! 𝑥 = =

3!:3!⊆2

𝑚! 𝐹8 = 𝑏𝑒𝑙(𝐵)
/

𝝌𝑩
𝑵+𝑨 𝑩 = 𝟏 − 𝝁𝟐

= 𝝁𝟒 − 𝝁𝟐

𝒃𝒆𝒍 𝑩
= 𝒎𝑨 𝑭𝟒
+𝒎𝑨(𝑭𝟑)

= 𝝁𝟒 − 𝝁𝟐

𝝌𝑩
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Relations to Belief Function
• When 𝐵 is a crisp set and .𝐴 is a fuzzy set having discrete 

membership grades, possibility and necessity measures equal 
to plausibility and belief functions of a consonant basic 
probability assignment.

0
𝜇!
𝜇"

𝜇#

𝜇$ = 1

Fuzzy Set &𝐴 Basic probability assignment 𝑚%

𝐹! = {𝑥 ∈ Ω ∶ 𝜇 "# 𝑥 ≥ 𝜇!}

𝐹$ = {𝑥 ∈ Ω ∶ 𝜇 "# 𝑥 ≥ 𝜇$}

𝐹% = {𝑥 ∈ Ω ∶ 𝜇 "# 𝑥 ≥ 𝜇%}

𝐹& = {𝑥 ∈ Ω ∶ 𝜇 "# 𝑥 ≥ 𝜇&}
𝑚# 𝐹& = 𝜇& − 𝜇%
𝑚# 𝐹% = 𝜇% − 𝜇$
𝑚# 𝐹$ = 𝜇$ − 𝜇!
𝑚# 𝐹! = 𝜇!

𝜇 )!

𝑟! 𝑟$ 𝑟% 𝑟& 𝑟' 𝑟( 𝑟) 𝑟* 𝑟! 𝑟$ 𝑟% 𝑟& 𝑟' 𝑟( 𝑟) 𝑟*

𝐹$ ⊆ 𝐹# ⊆ 𝐹" ⊆ 𝐹! : focal elements are nested.
Consonant Belief Function

However, for fuzzy set !𝐵, we obtain

Π "! I𝐵 = sup
1
min 𝜇 "! 𝑥 , 𝜇 "2 𝑥 = 𝑆 ∫𝜇 "2 ∘ Π v.s.							 𝐶 ∫ 𝜇 "2𝑑 𝑝𝑙

𝑁 "! I𝐵 = inf
1
max 1 − 𝜇 "! 𝑥 , 𝜇 "2(𝑥) = 𝑆 ∫𝜇 "2 ∘ 𝑁 v.s. 𝐶 ∫ 𝜇 "2𝑑 𝑏𝑒𝑙

Not same !
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Application to Decision Making
~ Ranking Fuzzy Numbers ~

• Consider a simple decision making problem is to select 
one from several options whose rewards are estimated by 
fuzzy numbers.
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Ranking alternatives using a fuzzy goal
• Fuzzy goal (fuzzy set of satisfactory rewards)

~

2023/10/31 BFTA 2023 26

𝜇 )1 is similar to a utility function



• Possibility measure maximization

~

~A
~B

P !"( !𝐺)
P !#( !𝐺)

Ranking alternatives using a fuzzy goal

Possibility degree of satisfaction

2023/10/31 BFTA 2023 27



• Possibility measure maximization

~

~A
~B

P !"( !𝐺)
P !#( !𝐺)

Ranking alternatives using a fuzzy goal
2023/10/31 BFTA 2023 28

Corresponding to Expected Utility

= 𝑆 .𝜇 !# ∘ Π



• Necessity measure maximization

~
~A

~B

𝑁 !"( !𝐺)

𝑁 !#( !𝐺)
1-

Ranking alternatives using a fuzzy goal

Necessity degree of satisfaction
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• Necessity measure maximization

~
~A

~B

𝑁 !"( !𝐺)

𝑁 !#( !𝐺)
1-

Ranking alternatives using a fuzzy goal
2023/10/31 BFTA 2023 30

Corresponding to Expected Utility

= 𝑆 .𝜇 !# ∘ 𝑁



• Decision-maker's attitude toward uncertainty

~A~B

~~1-

Ranking alternatives using a fuzzy goal

P !"( !𝐺)

P !#( !𝐺)

𝑁 !"( !𝐺) 𝑁 !#( !𝐺)
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• Decision-maker's attitude toward uncertainty

~A~B

Properties:

Ranking alternatives using a fuzzy goal
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• Relative possibility measure maximization

G

G
G

Gc
GDRP

G

G

GGc

GRP

Ranking alternatives using a fuzzy goal
Inuiguchi & Ichihashi (1990)
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• Relative possibility measure maximization
One of 𝑅𝑃 &% )𝐺 and 𝐷𝑅𝑃 &% )𝐺 is constant. 

Ranking alternatives using a fuzzy goal
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$𝐴! $𝐴"$𝐴"

• Relative possibility measure maximization

~

$𝐴! P !#!( !𝐺)

P !#"( !𝐺)

𝑁 !#"( !𝐺)

𝑁 !#!( !𝐺)
𝑁 !#!( !𝐺)

~

P !#!( !𝐺)
P !#"( !𝐺)𝑁 !#!( !𝐺)

Ranking alternatives using a fuzzy goal
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Fuzzy Mathematical Programming Approach
• Conventional MP approach

2023/10/31 BFTA 2023 44



Fuzzy Mathematical Programming Approach
• Fuzzy MP 

approach
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How to Use Fuzzy (Possibilistic) Programming ?
• Production Planning
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Inuiguchi & Ramik (2000)



How to Use Fuzzy (Possibilistic) Programming ?
• The conventional linear programming approach

x1
20 40 60 80 100 

0 

x2

20 

40 

60 

5
+7
=

x
x
k

1

2

Optimum

→ max

k
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How to Use Fuzzy (Possibilistic) Programming ?
• The conventional linear programming approach

x1
20 40 60 80 100 

0 

x2

20 

40 

60 

5
+7
=

x
x
k

1

2

Optimum

→ max

k

Risky in the sense of the 
Feasibility !!

83%

20 40 60 80 100 
0 

20 

40 

60 

x 

1 

x 2 

k

5 +7 =
x

x1

2 Optimum
83%

100%
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How to Use Fuzzy (Possibilistic) Programming ?
• Possibilistic (Fuzzy) Programming Approach

Ask crisp values Accept fuzzy values
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How to Use Fuzzy (Possibilistic) Programming ?
• Possibilistic (Fuzzy) Programming Approach

• Meaning of a Symmetric Triangular Fuzzy Number
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How to Use Fuzzy (Possibilistic) Programming ?
• Possibilistic (Fuzzy) Programming Approach

The obtained fuzzy numbers

A is more uncertain than B.
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How to Use Fuzzy (Possibilistic) Programming ?
• Possibilistic (Fuzzy) Programming Approach
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How to Use Fuzzy (Possibilistic) Programming ?
• Possibilistic (Fuzzy) Programming Approach

• Calculation of Possibilistic Linear Function value (Extension Principle)

Fuzzy linear function value with triangular fuzzy numbers
è A triangular fuzzy number2023/10/31 BFTA 2023 53



How to Use Fuzzy (Possibilistic) Programming ?
• Possibilistic (Fuzzy) Programming Approach

• Calculation of Possibilistic Linear Function value (Extension Principle)

Calculate   
2×á1,0.75ñ+ á2,1ñ.
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How to Use Fuzzy (Possibilistic) Programming ?
• Possibilistic (Fuzzy) Programming Approach

• Calculation of Possibilistic Linear Function value (Extension Principle)

?

?

?
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How to Use Fuzzy (Possibilistic) Programming ?
• Possibilistic (Fuzzy) Programming Approach

• Inequality Indices based on Possibility Theory
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How to Use Fuzzy (Possibilistic) Programming ?
• Possibilistic (Fuzzy) Programming Approach

• Inequality Indices based on Possibility Theory
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How to Use Fuzzy (Possibilistic) Programming ?
• Possibilistic (Fuzzy) Programming Approach

• Inequality Indices based on Possibility Theory
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How to Use Fuzzy (Possibilistic) Programming ?
• Possibilistic (Fuzzy) Programming Approach

• Formulation of the Possibilistic Linear Programming Problem
• Treatment of Constraints
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How to Use Fuzzy (Possibilistic) Programming ?
• Possibilistic (Fuzzy) Programming Approach

• Formulation of the Possibilistic Linear Programming Problem
• Treatment of Constraints
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How to Use Fuzzy (Possibilistic) Programming ?
• Possibilistic (Fuzzy) Programming Approach

• Formulation of the Possibilistic Linear Programming Problem
• Treatment of Constraints
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How to Use Fuzzy (Possibilistic) Programming ?
• Possibilistic (Fuzzy) Programming Approach

• Formulation of the Possibilistic Linear Programming Problem
• Treatment of the Objective Function

• Fractile Optimization Model     (Value at Certainty Degree 0.8)

Q
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How to Use Fuzzy (Possibilistic) Programming ?
• Possibilistic (Fuzzy) Programming Approach

• Formulation of the Possibilistic Linear Programming Problem
• Treatment of the Objective Function

• Modality Optimization Model

Q

2023/10/31 BFTA 2023
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How to Use Fuzzy (Possibilistic) Programming ?
• Possibilistic (Fuzzy) Programming Approach

• Formulation of the Possibilistic Linear Programming Problem
• Fractile Optimization Model

• Modality Optimization Model
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How to Use Fuzzy 
(Possibilistic) Programming ?
• Comparison of Solutions

Pos
83%

Pos 83%

Pos83%

Pos83%

• The solution to 83%-Problem:  
The certainty degree of the satisfaction 
of constraints on working time at 
Process 1 and Process 2 is not high 
enough. 

• Thus, we may regard the solution to 
83%-Problem as an ill-matched solution 
to the decision maker's intention.
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How to Use Fuzzy 
(Possibilistic) Programming ?
• Comparison of Solutions
Assume that the decision maker is not satisfied 
with the solution of Poss. If he/she requires
that the possibility degree of the event that the 
profit is not smaller than 53,000 USD is as high 
as the necessity degree of the event that the 
profit is not smaller than 45,000 USD, we can 
Reformulate the objective function as
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How to Use Fuzzy 
(Possibilistic) Programming ?
• Comparison of Solutions

Pos

Pos

Pos

Modified

ModifiedPos

Modified

Modified

Assume that the decision maker is not satisfied 
with the solution of Poss. If he/she requires
that the possibility degree of the event that the 
profit is not smaller than 53,000 USD is as high 
as the necessity degree of the event that the 
profit is not smaller than 45,000 USD, we can 
Reformulate the objective function as
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How to Use Fuzzy 
(Possibilistic) Programming ?
• Comparison of Solutions

Pos

Pos

Pos

Modified

ModifiedPos

Modified

Modified

As shown in Figure, compared to Pos, Modified
makes the possibility degree of the event that the 
profit is not smaller than 53,000 USD a little bit 
higher but it makes the certainty degree of the 
event that the profit is not smaller than 45,000 USD
lower. The decision maker may know that he 
cannot offer a higher requirement than the solution 
to Problems Pos and Modified.
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How to Use Fuzzy 
(Possibilistic) Programming ?
• Comparison of Solutions
Further, suppose that the decision maker wants to 
have a higher possibility degree of the event that 
the profit is not smaller than 53,000 USD even the 
certainty degree of the event that the profit is not 
smaller than 45,000 USD is smaller than that of 
the solution to Pos . S/he can accept a certainty 
degree not less than 0.5. 

Pos

Modified

Intermediate

Brief Review
• Possibilistic (fuzzy) Programming 

Approach
• Formulations & Reduced Problems
• Various Solutions reflecting DM's 

intension
• The reduced problems are 

simpler than those of stochastic 
programming approach.

2023/10/31 BFTA 2023 69



Possibility Theory 
(Possibility and Necessity Measures)
• Extension of Inequality Relation for Fuzzy Numbers based on 

possibility and necessity measures (Dubois & Prade, 1983)
• Four extended inequality relations
• Inequality relation à fuzzy inequality relation (preference relation)

(Inuiguchi et al., 1991)
• Possible and Necessary Optimality

• Extension of optimality by possibility and necessity measures
(Inuiguchi & Sakawa, 1994)

Optimality à Soft-optimality = Minimax regret approach
(Inuiguchi & Sakawa, 1995 & 1998)

• Optimality à Efficiency (Pareto Optimality) 
(Inuiguchi & Sakawa, 1996)

• Etc.
2023/10/31 BFTA 2023 70



Example 1:  

Possibly and necessarily optimal solutions

maximize gTx, subject to Ax £ b; g ÎG
where



Example 1:    x=(6,6)T
Optimal Solution in LP Problem with c

c



Example 1:    x=(6,6)T
Possibly and necessarily optimal solutions

Possibly 
optimal 
solution

Necessarily 
optimal 
solution



Example 2:  

Possibly and necessarily optimal solutions

maximize gTx, subject to Ax £ b; g ÎG
where



Example 2:    x=(6,6)T
Possibly and necessarily optimal solutions

Possibly 
optimal 
solution

Necessarily 
optimal 
solution Robust in the 

optimality



Example:

Necessarily soft optimal solution
to degree   0.560112

Best necessarily soft optimal solutions S



Necessity Measure
u Definition of Necessity Measure:

u I: [0,1]´[0,1]®[0,1] : an implication function,

Necessity measure shows a degree of inclusion A Í B.



Necessity MeasuresFuzzy set

1

0

Possible range:
narrowest estimated range 

widest estimated range

medium-sized 
estimated range

Widest estimated range

narrowest estimated range
Medium-sized estimated range

+0
0.5

1

A$%𝒙

We give an enhancing sequence of conditions about  A𝒊𝑻𝒙 Í 𝑩𝒊
using those 6 ranges (3 ranges for each) to express DM’s 
requirement on robust condition.

+0
0.5

1

µA

[𝐴]'= 𝑟 𝜇% 𝑟 ≥ ℎ}

(𝐴)'= 𝑟 𝜇% 𝑟 > ℎ}

For ℎ ∈ 0,1 ,
h-level set

strong h-level set



[Assumption of 
Intermediate Inclusion] 

We assume
and                  
Þ .



DM expresses his/her preference on the robustness 
from most necessary requirement to the favorable 
requirement by a sequence of Inc(i1,j1), …, Inc(ip,jp). 

Inc(i, j)
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